I. INTRODUCTION
Over the past decades, quasi-static mode-stirred (i.e., dynamic) cavities with complex geometry have been widely investigated, both theoretically and experimentally. Also, there is a plethora on related studies of time-varying media [1] , moving boundary problems [2] , [3] , and other dynamic electromagnetic configurations. However, the effect of time-dependent perturbations in confined electromagnetic and quantum systems has attracted less attention. A striking example of their effect is the Doppler shift of eigenfrequencies in mode-stirred cavity. As a matter of fact, several investigators have recently focused on the Doppler spread of signals in reverberation chambers [4] , [5] , [6] , [7] .
In the past, most efforts spent on characterizing RC fields have been devoted to instantaneous or time-averaged quantities, e.g., average values and maximum/minimum ratios for the ensemble of equilibrium field strengths [8] , [9] . If one focuses on pure stationary states to depict the field evolution, the dynamics remain hidden. However, the physical mechanism driving the inner field between two contiguous equilibrium states presents a nonstationary regime, demonstrated e.g. by potentially significant deviations of the average of field parameters from their steady-state values [10] , [11] , [12] . This is relevant in several practical applications concerning fast signal sources, e.g., in digital EMC or electronics, and rapidly fluctuating environments, e.g., multipath channels for wireless wideband communications or atmosphere layers for space communications.
In this work, we investigate effects of time-domain perturbations of the modal coefficients by assuming a modal expansion for the field of an arbitrary irregular cavity. The time-domain variation of the modal amplitude is modelled as being associated with a damped harmonic oscillator, characterized by an ordinary differential equation (ODE) with time dependent coefficients. During such a time-domain perturbation between two equilibrium states, it is further assumed that the mode set is left unchanged. This is physically consistent and reasonable in the presence of slow volume-preserving perturbations. For such time variations, we then include an ad hoc Doppler effect on the resonant frequencies of modes (natural frequency of associated harmonic oscillators), and we solve the resulting reduced ODE using the modified Airy method (MAF). This is done explicitly for a mode-stirred reverberation chamber (RC). In particular, we relate the Doppler source speed to the circular motion of a mechanical mode stirrer rotating across a small angular sector. As a confirmation of our theory, stretching or shrinking of modal eigenfrequencies are observed.
The stochastic nature of an RC also calls for considering random Doppler shifts. By assuming a normal distribution for these shifts from equilibrium, we are able to calculate the Fokker-Planck equation (FPE) associated to the parametric oscillator. The continuous mode-stirring is found to be an energy-diffusion process.
II. DYNAMIC BEHAVIOR OF CAVITIES
When the perturbation of the cavity is effected by boundary changes, e.g., by a rotating stirrer inside RC,the modal and total fields cross contiguous equilibrium states through intermediate time-dependent states [13] . This happens in case of (slow) quasi-stationary continuous mode-stirring, while nonstationary fields develop when the stirring speed increases, creating non-equilibrium (non-reversible) states [14] . In particular, the transition between a state and the next one is subject to quasi-oscillatory transient regimes with random peaks and abrupt variations [13, Figs. 4, 6] , [10] , [11] , [12] . This represents the occurrence of non-equilibrium states that can be captured by investigating the non-stationary solutions of a proper diffusion equation modeling a particular phenomenon.
When the time-domain perturbation of the cavity is performed by the boundary, e.g., by a stirrer inside the RC, the set of natural eigenmodes representing the total inner field must change dynamically. Assume that the cavity dissipates energy by some loss mechanism through its volume. If the perturbation runs slowly with respect to the individual cavity mode lifetime, and provided it is volume-preserving, its spectral effects result in a linear Doppler shift and line broadening [15] . There is no physical motivation to involve non-linear effects in this slowly-varying scenario.
In previous work, we derived the time-domain Green function of cavity modes in the piecewise approximation of coefficients [16] . Such a study represents an interesting limiting case, that can be obtained as an extreme case of non-linear shifts and expansions. However, the sudden jump between equilibrium states does not represent a physically realistic case. When randomized, the solution field subject to this approximation leads to jump processes. Furthermore, the expression of the transient field amplitude derived in [16] is rather complicated, and a suitable approximation is desirable to confirm its behavior.
III. TRANSIENT CAVITY MODES
As in [16] , consider a time limited perturbation of the confined system under investigation, e.g., a dynamic cavity or a slab of time-varying medium. Also, consider that the confined system is operated at relatively high frequencies, resulting in the simultaneous excitation of several natural modes, i.e., in overmoded regime. Because of the strong sensitivity to the boundary changes, we expect that an arbitrarily small change has a significant (i.e., nonincremental, nonperturbative) impact on the inner field. For mode-stirred enclosures or timevarying media, it is easily envisaged that such an impact can be perceived as a dynamic transformation of the system's spectrum. Inherently, we can focus on the behaviour of a single dynamic mode of the total field expansion
where ( ) represents the time-varying amplitude associated with the eigenmode (r) at center frequency 0 . The equilibrium field, i.e., the coherent sum of modes with time independent , gets perturbed through a finite time period ≤ ≤ +1 . The set of modes with amplitudes ( ) will thus evolve to a set of modes with different amplitudes ( +1 ). By solving Maxwell's equation with the expansion (1), and by assuming a proper field gauge transformation amenable with the physical situation at hand, yields
where we have omitted the time dependence of the modal amplitude, is the modal damping constant, and is the natural frequency of the cavity mode. As a striking example, in time-varying media it is possible to derive an equation as (2) by imposing the Coulomb gauge to the vector potential amplitude, whose evolution is accompanied by a change in damping and frequency driven by the time-derivative of the electrical permittivity [17] .
In a mode-stirred reverberation chamber, the modes and hence their associated damping constant and resonance frequency change continuously during a stirrer rotation [15] . Cavity modes are then represented by a set of harmonics evolving in accordance with (2) . Following Floquet theory, a prescribed change of variable
yieldsË
where
Equation (4) 
where˙is the first-order derivative of the Airy argument, that is always a real function in time domain, reading
where is the turning time [19] , and
Since Ω is always positive, our turning point coincides with the initial time . In (6), the transient field starts from the equilibrium value ℰ 0 , and the normalization constant can be calculated by setting = . Originally, this method was devised within the framework of Schrödinger's equation for non-uniform potentials, which can take positive as well as negative values. There, the turning point represents the spatial coordinate where there is a change of sign in the difference between energy and potential barrier [20] .
IV. DOPPLER PERTURBATION OF A MODE-STIRRED CAVITY
At this point, we make the approximation of collective mode perturbations by the time varying boundary or media, and we assume that the whole spectrum of the cavity becomes Doppler shifted. If we imagine to consider the mode frequency and the moving perturbation as a time-varying source, then a virtual stationary observer inside the cavity would perceive the cavity mode as shifted according to the motion of the perturbation. In a very general way, the mathematical expression representing such a physical situation reads, to first-order approximation
where the Doppler effect is represented by the the velocity of the mode-stirrer w.r.t. the observer. As a matter of fact, in our case we do not have a moving source. Rather, we consider that a natural mode is the source wave. The direct application of the classical Doppler effect formula is motivated by the fact that, according to the Weyl theorem [21] , a cavity mode (or its associated Green function) can be always expanded in a plane wave spectrum, with each spectral component represented by a plane wave propagating in free space at fixed frequency but subjected to a specific Doppler shift. For simplicity, we assume that homogeneous cavity losses do not change the damping significantly through the very short transition between equilibrium states. In order to make subsequent calculations easier, we write (2) as
where using the (linear) Doppler shift (9), we obtain the spectral Doppler function
that can take either positive and negative values. Consider a mechanical stirrer making a circular motion over a short arc . The linear velocity for a small sector covered in a time period is
where is the equivalent radius of the mode stirrer. It is worth noticing that in (9) and (11), the sign ± indicates the direction of the circular motion. This motivates the fact that (11) can take positive or value values, as stated before. Then, we can write the parametric frequency (5) as
where the squared damping term is assumed to be extremely small for high-cavities operated at high-frequencies, and
with Δ = / representing the Doppler delay. It is expected that in presence of random perturbations, e.g., mechanical stirrer in a reverberation chamber, such a slip between equilibrium states results in a random behavior of (14) . We will show later on the paper that, in these conditions, it is more appropriate to calculate a diffusion equation for the field probability density function (PDF). We now apply the MAF technique to solve (10) . In particular, we focus on the case ( ) = − ( ). Inserting (14) and (13) into (7), and integrating [22] from = to results in the expression
whose first derivative takes the forṁ
After calculating the value of ℰ 0 by setting = in (6), and substituting the thus obtained result into (3), we obtain
where we have used the fact that lim →˙( ) = 1. Fig. 1 shows the MAF solution (17) for an arbitrary mode. As expected, − corresponds to a harmonic stretching, while of course the case of + (not shown) yields to a harmonic shrinking. The higher covered on the same time period, the faster the circular motion performed by the mechanical mode stirrer.
If is relatively slowly varying throughout the stir process compared to the magnitude of the Doppler shifts ( ) (in particular, if the absorption is independent of time) and ( ) represents a normal distributed zero-mean delta-correlated random function with spectral density , we can derive a secondorder PDE for the PDF (generally known as a Fokker-Planck equation (FPE) [11] ), as follows. In this case, the second-order equation (10) can be cast into a first-order matrix equation for a diffusion Markov process with generalized coordinates as
Termwise identification yields
As a result, the associated covariance matrix is ⎡
This results in the FPE for the joint PDF ( ,˙, ) as
The second term in this equation indicates that the diffusion of the PDF is proportional to the square of . The joint coincides with the joint transition PDF for a deterministic starting PDF associated with an equilibrium starting state, as assumed here. Interestingly, the diffusion constant is found to be proportional to 2 , meaning that the continuous stirring represents an energy diffusion process. The obtained FPE can be computed numerically by efficient finite-difference techniques [23] .
V. CONCLUSION
We derived a closed-form expression of the time-dependent mode amplitudes in dynamic cavities. In particular, we modeled the dynamic mode amplitude as a damped parametric oscillator whose natural frequency is perturbed by a linear Doppler shift. The specific case of the circular motion of a mechanical mode-stirrer in a reverberation chamber has been As expected, it is found that the Doppler effect causes stretching or shrinking the resonant frequency of cavity modes. The specific case of fluctuating Doppler shifts, following a zero mean delta-correlated distribution, has been investigated and the related Fokker-Plank equation derived. The diffusion coefficient exhibits quadratic dependence on the mode amplitude, making the continuous stirring an energy diffusion process. Future work will be in extending and validating MAF solutions with simulation and experiments of modestirred enclosures, as well as in numerical computation of the diffusion equation.
